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Abstract-The global attractivity of the unique positive equilibrium of the equation zn+i = 
d%-kI,%-k~,. . ,%-k,h n = 0, 1,2,. , is investigated where g is a nonincreasing continuous 
function in each of its arguments and the k are positive integers. We are able to use our results 
to extract some important global attractivity criteria of the positive equilibria of the discrete Clark 
model z,,+r = CYZ,, + f(&_k) and the rational recursive sequence zn+i = (a + bzn)/(A + %-I) as 
well. @ 2003 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Consider the following difference equation: 
&x+1 = don-k, 9 GL-kzr ‘. ., GA&J, n = 0, 1,2, ) 09 
where G : I” -+ (0, co), I = (0, cm), is nonincreasing in each of its arguments, and kr, k2, . , k, 
are nonnegative integers. We define k = max{ ki : i = 1,2, . . , m} and associate for each solution, 
{%)n>O, the initial values x-i > 0, i = 0, 1,2,. , k. Let 
G(y) = g(y, Y, . . ., Y), where (y, y, . , y) E Im. 
Then G : I -+ (0,oo) is a nonincreasing function. So, (E) has a unique equilibrium 
by the equation 
G (5) = I. 
say Z, given 
(1.1) 
Throughout this work, function G will be assumed to satisfy either one of the following assump- 
tions on I: 
G(G(x)) = 5, for all 5 > 0. (Hz) 
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We observe that if (HI) holds, G does not have any periodic point of prime period 2, but the 
converse is not, generally, true for example; the function 
G(x) = -$ cY>l 
hasz==l,and 
for all x E I. Therefore, G does not have any period 2 point, however (HI) is not satisfied. Note 
that if I = (0, oo), then (HI) will be necessary and sufficient condition for the existence of a 
unique solution of the equation G(G(z)) = x. 
The global attractivity of several particular cases of (E) has been studied by many authors 
(e.g., [l-5]). For the global attractivity of various types of nonlinear difference equations the 
reader is referred to the monograph [4] ( see also the books [6-81 for the general theory). Our 
main goal in Section 2 is to unify and generalize some of these results. In Section 3, we apply 
our result to the following two equations: 
x,+1 = c%z + f(xn-k), 72 = 0, 1,2, , (1.2) 
and 
a + bz, 
xn+l = A + x~-~ ’ n=o,1,2 ) . . . ,  (1.3) 
where LY E (0, l), f is a positive nonincreasing function defined on [0, oo), k is a positive integer, 
and a, A, b E (0, oa). The reader may observe that (1.2) and (1.3) are not of the form (E). 
However, under some conditions, we will be able to govern any positive solution of (1.2) or (1.3) 
by certain equation of the same form as (E). Our results on (1.2) will complete those of [g-11], 
while for (1.3) we obtain a new global attractivity result which confirms, partially, a conjecture 
raised in [4, p. 1541. 
2. MAIN RESULTS 
Since we associate with each solution of (E) a set of positive initial values, all solutions of (E) 
are positive. Equation (E) is said to be permanent if there exist numbers D,, D* and an integer 
N > 0, such that any solution {zn}, of (E), with positive initial values z-i, i = 0, 1, . , k satisfies 
0 < D, < x, < D’ < co, n 2 N. 
LEMMA 2.1. Assume that either (I&) or (H ) 2 is satisfied. Then equation (E) is permanent. 
PROOF. We have the following two cases of G(x). 
CASE 1. lim,,O+ G(x) = G(+O) E I. 
CASE 2. lim,,O+ G(x) = co. 
Suppose the first case holds. Then, in view of the nonincreasing nature of the function g, 
equation (E) yields 
0 < G(G(+O)) I xn+~ I G(+O) < co, n 1 1, 
for any positive solution {x,} of (E) w ic IS our desired conclusion. h h 
Suppose that the second case holds. If (E) is not permanent, then equation (E) has a positive 
solution, say {x~}, such that 
limsupx, = 00 
7L’M 
and lim inf 2, = 0. (2.1) n--tD3 
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Accordingly, following [5], one can define the sequences {In}, {I&} for any n > -m by 
L,=min XE{n,n+l,...}:zx>_k<mraiYn_lZT 
{ I 
and 
Clearly, {Ln}n>_k is an increasing sequence with lim,,, L, = 00 and lim,,, XL,, = 00. Also, 
{In}n,_k is an increasing sequence such that lim,,, I, = 00 and lim,,, xl,, = 0. Furthermore, 
5, < XL,, for -k<rsL,-1. 
Now choose no 2 0 such that l,, > 0. Then, for all n > no, equation (E) yields 
and 
Xl., = g(xl,,-l-lclr~l,,-l-liz,~~. :x1,,-l-k,,) 
> g(xL,&,xL,,:“. > XL,, 1 = G (XL,, ) 
Using the decreasing nature of G, we get 
XL, < G (G (XL,)) and ~1, > G (G (51, )) (2.2) 
If (HI) holds, (2.2) implies that XL, < z and xl,, > 3 for all n 2 no. Consequently, 
lim sup XL,, < 00 
n-co 
and lim inf xl,, > 0. 
n’cc 
This is a contradiction to the definition of {L,} and {In}. Thus, (E) is permanent in this case. 
On the other hand, if (Hz) holds then, obviously, the strict inequalities (2.2) yield a contradiction, 
too. This implies that (E) is permanent when (Hz) is satisfied, and hence, completes the proof. 
Suppose that {xCn} be any solution of (E) that is not attracted to Z when (HI) or (Hz) is 
satisfied. Then, using Lemma 1, there exists L, S E (0,m) such that 
S = limsupx, 
7L+oo 
and L = liminf 2,. 
7L’cc 
Taking the limit inferior and limit superior of both sides of (E) as n --+ co, using the nonincreasing 
nature of g in each of its arguments, we obtain the following two inequalities, respectively: 
L > G(S) and S 5 G(L). (2.3) 
Then 
L 2 G(G(L)) and S < G(G(S)). (2.4) 
Thus, if (HI) holds then, by (2.4), we conclude that L 2 J: and S 5 IC, that is L = S = I. The 
preceding analysis proves the following result. 
THEOREM 2.1. Assume that [HI) holds. Then 1 is a global attractor of all positive solutions of 
equation (E). 
If case (Hz) is satisfied, we have the following result. 
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THEOREM 2.2. Assume that [Hz) holds. If there exists an integer j,, 1 5 j,, < nz, such that 
6% + kj, + I>:“=, n {UZ”=l f 4, (4 is the empty set). (2.5) 
then Z is a global attractor of all positive soIutions of equation (E). 
PROOF. Let {xcn} be any positive solution of(E) that is not attracted to 2 as n 4 00 and define 
L,S as before. Then L and S satisfy (2.3) and (2.4). Since (Hz) is satisfied, then any one of the 
inequalities in (2.4) cannot hold strictly. This in turn implies that the inequalities in (2.3) cannot 
be strictly, too. Then (2.3) becomes 
L = G(S) and S = G(L). (2.6) 
We claim that L = S. To this end, choose a subsequence {ni} such that n, -+ co as i + cc, 
limi,W x,~ = S and limi-,, xn,_~,_r = Lj for all j = 1,2,. , m. It follows that Lj E [L, S], 
j=1,2,... , m. Furthermore, from (E), we get 
2%” =9(~n,-1-lcl,Zni-l-k*,“.,x,~-1-li,~)’ 
Taking the limit as i --f co for both sides of the above equation, we obtain 
S=9(Ll,Lz,...,L,)’ (2.7) 
So that if there exists a J’, 1 5 j 5 m, such that Lj > L, (2.7) yields 
S < G(L) = S. 
This contradiction implies that 
Lj = L, j = 1,2 ,...,m. (2.3) 
Prom {ni} choose a subsequence {ni,} such that ni, + cc as T --+ 00, and lim,,, ~~~~-k,-k~,-2 
= Ljj, for all i = 1,2,. . . ,m (~‘0 is defined by (2.5)). Let n = ni,. - Icj, - 2 in (E). It is found that 
~n;~-k,o-l = g(x,ip-kjo-k,-2,xn~F-kjo-k2-2,... >~ni,-k,o-k,-2), 
as r 4 co, we obtain 
L=9(Lljo,L2jo,...rL,j,), (2.9) 
where Lii, E [L, S], j = 1,2, . , m. If any number of LjjO is less than S, (2.9) leads to L > __. 
G(S) = L which is impossible. So, 
LjjO = S, j 
Now, by (2.5), one can find at least one integer 
Therefore, 
=1,2 ,..., m. (2.10) 
1 _< i*, j* 5 m such that kj* + ki, + 1 = ki*. 
lim XniT-kj.-kj,-2 
T’cu 
thus, Li. = Lj*i, which, by (2.8) and (2.10), implies that L = S and then proves our claim. This 
completes the proof. 
REMARK 2.1. 
(1) 
(2) 
(3) 
If the interval I c (0, oo) and g : I” + I, similar arguments, as before, imply that any 
solution of (E), say {x,}, with s&-k, E 1 for some no > 0 and all i = 1,2,. , m will be 
attracted to z (i.e., limn-,oo x, = Z) provided that all requirements of either Theorem 2.1 
or Theorem 2.2 are satisfied. 
If g E C[lm, R], I c R, then the conclusion of Theorem 2.1 still true after replacing “all 
positive solutions” with “all solutions”. 
Theorem 2.2 implies that the equilibrium point of the system 
1 
x,+1 = k > bo, bl,. . , bk E 10, co), and kc {1,2,...} 
&&x,-i 
attracts all positive solutions provided that there exist i, j, 1 E {0, 1, , k} such that 
i + j + 1 = 1 and bibjbl # 0. This result improves [4, Theorem 3.3.11. 
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3. APPLICATIONS 
In this section, we apply Theorem 2.1 to extract some global attractivity results for equa- 
tions (1.2) and (1.3). Before proceeding further, we characterize a class of functions for which 
condition (Hi) can easily be tested. For this purpose, we consider the class l? defined by 
I = 
{ 
G E C1 [(0, co), (0, oo)] : liio G(G(x)) > 0, G has a unique fixed point} 
Next, we suppose that f is the unique fixed point of G E l? 
LEMMA 3.1. Let G E I’ satisfies (Hi) ( i.e., G does not have a perio’d 2 point). Then 
G’(3) 2 -1. (3.1) 
PROOF. Define a new function H by 
H(x) = G(G(x)) - x. 
Then H(2) = 0, and 
H’ (z) = G’ (G (3)) G’ (3) - 1 
= (G’ (?))2 - 1. 
Now assume that G’(Z) < 1, then H’(Z) > 0. By the continuity of H’(z), one can find a number 
E > 0 such that H’(z) > 0, cr E [Z-C, I + E]. It follows that H(z) < H(3) = 0 for all z E [% -6, 3) 
which means that G(G(z)) < z on such interval. But the fact that G E I implies 
lim H(z) = lim (G(G(z)) - z) > 0. 
s-+0+ Z+o+ 
Then H(z) must have a zero on (0,~) which is equivalent to saying that G(G(z)) = z for some 
3: E (0,Z). Thus, (Hi) is not satisfied in this case. This contradiction implies that (3.1) holds 
provided that (Hi) holds. The proof is complete. 
The above lemma tells us that (3.1) is necessary for any G E I to satisfy (Hi). It is natural 
to ask whether (3.1) is sufficient, also, or not. In what follows, we prove that (3.1) can be 
sufficient if further restrictions are imposed on G E I. First, we mention that for any function 
G E C3[(0, oo), (0, co)]; the Schwarzian derivative, SG, is defined by 
It is proved by Singer [12], see also [13, p. 731, that if SG(z) < 0 for all x > 0 and G(G(x)) has 
two fixed points a,/3 (ct < f < /3) and (G’(%))2 < 1, then the interval (a,,@ has a critical point 
of G2. Accordingly, we drive the following result. 
LEMMA 3.2. Assume that G E C3[(0, co), (0, co)], G’(x) < 0, SG(x) < 0 for all x > 0, and 
G’(Z) 2 -1. Then G does not have any period 2 point in (0, co). 
PROOF. Assume, to the contrary, that G has a period 2 point, say a > 0, then there exists 
another period 2 point ,0 > 0 such that cr = f(P) and p = f(o). By the decreasing nature of G, 
we get that a! < 1 if and only if /3 > Z. So, without loss of generality, we assume that cy < 1 < /3, 
but (G’(z))~ < 1, then G2 has a critical point in (a,@. On the other hand, since G(x) > 0 and 
G’(x) < 0 for all x > 0, it follows that w > 0 f or all x > 0. This means that G2 does not 
have a critical point in (a, ,0). This contradiction completes the proof. 
Note that the conclusion of Lemma 3.2 implies that (H 1 is satisfied. So, from Lemmas 3.1 ) 
and 3.2, we extract .the following result. 
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LEMMA 3.3. Assume that G E r fl C”[(O,m), (O,co)], G’(x) < 0, SG(x) < 0 for all x > 0. 
Then G satisfies (HI) if?’ G’(Z) > -1. 
3.1. Equation (1.2) 
It has been proved by Karakostas et al. [ll] that the positive equilibrium of equation (1.2), 
say 2, is a global attractor of all positive solutions of (1.2) provided that the function h(z) = 
f(~)/(l - cy) does not have any period 2 point on (0,oo) (see also [4, p. 46; lo]). 
Suppose that h has a period 2 point. Then the technique used by Karakostas et al. [ll] can 
be utilized, also, to find an estimate of the lower and upper limits of any positive solution x,, 
that is not attracted to 3 as n + co. In fact, if 
a = inf {X > 0 : h(h(z)) = z} and b=sup{z>O:h(h(z))=s), (3.2) 
one can verify, using the nonincreasing nature of h, that a = h(b) and b = h(a). Moreover, by 
induction, we see that 
h2”(0) < a and b < l~~~+l(O), m=O,l,..., (3.3) 
where h’(0) = h(h’-‘(0)) for any positive integer. By similar arguments as in [4, p. 471, it is 
easy to see that 
a 2 lim inf x, < lim sup zn < b. 
?l-00 n-+cc 
So, for any E > 0 there exists an integer N > 0 such that 
(3.4) 
a-csx,<b+E, n L N. 
On the other hand, (1.2) can be rewritten in the form 
A (cPxn) = o++‘)f (x,-/J, 
which by summing from n - k to n implies that 
n-l 
(3.5) 
a -n x, - a! -(n-k)X(n-k) = c ~r++‘)f(x~_~), n > 2k. 
i=n-k 
Dividing both sides of the above equation by a-” and rearranging, we obtain 
k 
X, = akX,+k + c d-‘f (X,&k), 
i=l 
n 2 2k. (3.6) 
Substituting the above x, in the right-hand side of (1.2), it follows that 
2 n=CY k+lX,+k + f (X,-k) + e r-uif (X,+&k) , n 2 2k. (3.7) 
i=l 
Thus, any positive solution, {x,}, of (1.2) satisfies (3.7). 
Now assume that F(x) = cr k+l~ + f(x) is a nonincreasing function on I, = [a - E, b + E] for all 
E E (0, ~0) and some EO > 0. Then (3.7) will be of the same form as (E) with 
9 (Xv2k,. . ,x,-k) = F (Xn-k) + 2 aif (Xvi-k) I n 2 2k 
i=l 
and 
G(x) = (Y k+lx + (1 - &+I) h(x), x E I;. 
Now if G(x) satisfies (Hi) for all x E L, by Remark 2.1 (1) it is found that all solutions of (3.7) 
(including those of (1.2) will be attracted to Z provided that G(I,) C I,. This discussion leads 
us to the following conclusion. 
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THEOREM 3.1. Suppose that a, b, F, and G are defined as before such that F’(x) < 0 and G(x) 
satisfies (Hi) for all x E I 0. Then 3 is a global attractor of all positive solutions of (1.2). 
Note that, the strictness of the inequalities in the above theorem guarantees the existence of 
an ~0 > 0 such that F’(x) 5 0 and G(x) satisfies (Hi) f or all z E 1, for all E E (0,~). Also, the 
decreasing nature of G on I implies that G(I,) c I,. 
As an application of Theorem 3.1, we consider the equation 
x,+ 1 = ax, + peeq”+ k, n=O,l,..., (3.8) 
where p, q E (0, m). Equation (3.8) is the discrete version of the differential equation 
dN(t)= 
dt 
-AN(t) + Pe--VN(t--7), t 2 0, P, u 6 (0, co). 
This differential equation has been used by Wazewska-Czyzewska and Lasota [14] (see also, [15, 
p. 119; 111) as a model for the survival of red blood cells in an animal. For equation (3.8), 
Karakostas et al. [ll] proved that the positive equilibrium of (3.8), say 2, is a global attractor of 
all positive solutions provided that the following condition is satisfied: 
p-l I (1 - cr)e. (3.9) 
In fact (3.9) implies that the function h(x) = pe-+/(l - cr) d oes not have any periodic point of 
prime period 2. According to Lemma 3.3, it is found that h has a period 2 point if and only if 
q% > 1. Thus, see [4], Z is a global attractor when q? 5 1. Let us now consider the case when h 
has a period 2 point, i.e., when qZ > 1. First, let a function H be defined on [0, co) by 
H(x) = h(h(x)) - x. 
Then 
Thus, H” has only one zero on [0, co), and hence, in view of the mean value theorem and the 
definition of H, the function H has exactly three zeros a, b, and 1. This will help us proving the 
following result. 
COROLLARY 3.1. Suppose that qZ > 1, 
ak+’ - q(l - cu)h2”(0) 5 0, for some integer m 2 1 (3.10) 
and 
Cyk+l -q (1 - c?+l) 3 2 -1, (3.11) 
then 2 is a global attractor of all positive solutions of equation (3.8). 
PROOF. Obviously, the corollary will be proved if the requirements of Theorem 3.1 are satisfied. 
First, we have 
F(x) = ak+‘x + pevq”, 
it follows that 
F’(z) = ok+’ - pqe-‘J” 
Thus, F’ increases on I,-,, and hence, 
and F”(x) = pq2e-4”. 
F’(x) < F’(b) = ak+’ - pqeeqb. (3.12) 
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The fact that h(b) = a yields 
qe -qb = a(1 - a); 
then F’(b) = ok+l - q(1 - cr)a. Now using (3.3), we get 
F’(b) < ak+’ - q(1 - CY)h2m(0), m= 1,2,.... 
Combining this result with (3.10) and (3.12), it follows that F’(x) < 0, x E IO. 
On the other hand, calculating the Schwarzian derivative SG(x), one can find, easily, that 
SG(Z) < 0 for all x E 10. Furthermore, since 
G’(T) = Qk+1 + (1 - o’k+l) h’ (3) 
=a k+l _ pqe-q” (1 - Qk+l) 
(1 - a) 
= a”+1 - q (1 - &+I) 3, 
then (3.11) implies that G’(Z) > -1. Now, using Lemma 3.2, it follows that G(z) does not have 
any period 2 point on IO. This completes the assumptions of Theorem 3.1, and hence, z is a 
global attractor of all positive solutions of equation (3.8). 
The following example shows that Corollary 3.1 can be applied to some equations for which 
the global attractivity can not be tested by other known criteria. 
EXAMPLE 3.1. Consider the following model 
X n+r = 0.72, + 2e-0.52,-7) n 2 0. 
Taking m = 10 (of (3.10)), one can see easily that all conditions of Corollary 3.1 are satisfied, 
and hence, the positive equilibrium, 3 M 2.20908, is a global attractor of all positive solutions of 
this equation. We remark here that none of the results of [4,9,11] can be applied to this case. 
3.2. Equation (1.3) 
In their book, KociC and Ladas [4, p. 1501 have conjectured that the positive equilibrium of 
equation (1.3) is globally asymptotically stable. This conjecture has been confirmed (see [4, p. 
1541) when b < A and also in the special cases where b > A with either a 5 Ab or 
Ab<as2A(A+b). (3.13) 
We confirm partially this conjecture by improving the asymptotic stability conditions when 
Ab < a. As the positive equilibrium, I, of (1.3) is known to be locally asymptotically stable 
(see [4, p. 67]), we deal only with the global attractivity of Z. 
From (1.3), we have 
a+ bx,-1 
x - 
7L- A+x,_~’ 
n 2 1. 
Substituting the above xn in the right-hand side of (1.3), we get 
X 
a(A + b) + b2x,_1 + ax,_2 
n+l = (A + xn_l)(A + x,-2) 
=g(Xn-2,X7%-1), n> 1, 
(3.14) 
where 
a(A + b) + b2y + ax 
g(x’y) = (A+x)(A+y) 
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Therefore, 
(qx) = 44 + b) + (a + b2) x 
(A+x)~ ’ 
(3.15) 
The above argument shows that any positive solution, x,, of (1.3) for 72 2 0 is a positive solution 
of (3.14) for n. 2 1. It is also noted that both of (1.3) and (3.14) have the same unique positive 
equilibrium z = ((b - A) + (b - A)2 + 4a)/2. So to prove the global attractivity of Z with 
respect to (1.3), it is enough to prove it for 2 with respect to equation (3.14). We have the 
following result. 
THEOREM 3.2. Assume that b 2 A, Ab < a, and 
(b - A)? 5 b2 + A2. (3.16) 
Then the unique positive equilibrium of (1.3) is globally asymptotically stable. 
PROOF. Theorem 2.1 will be used to prove this theorem. First, computing the first-order partial 
derivatives of g, it follows that 
a9 co and %<O ay ’ for all 2, y > 0. 
Thus, equation (3.14) is of the same type as (E). Next, we prove that (HI) holds. First, as the 
positive equilibrium z satisfies that z2 = a + (b - A)%, (3.16) implies that z2 5 a + b2 + A2; or 
equivalently 
a + b2 > z2 - A2 = (3 + A)(3 - A) 
= (3 + A)(21 - (2 + A)) = -(z + A)2 + 22(2 + A). 
On the other hand, multiplying both sides of (3.15) by (x + A)2, we get 
(x + A)2G(x) = a(A + b) + (b2 + a) x, 
which, through differentiating at IC, implies that 
(A + z)’ G’ (3) + 2 (A + 3) G (3) = a + b2. 
Using the fact that G(Z) = Z, 
(3.17) 
(A + s)~ G’ (2) + 2f (A + 5) = a + b2. (3.18) 
Comparing (3.17) and (3.18), it follows that G’(Z) 2 -1. On the other hand, a simplified form 
of the Schwarzian derivative SG(x) is found to be 
SG(x) = 
-6b(a - Ab) 
(x + A)2 (aA + b(2a - Ab) + (a + b2)x)2 < ” 
for all x 1 0 
Now Lemma 3.3 implies that G satisfies (HI). Therefore, by Theorem 2.1; 2 is a global attractor 
of all positive solutions of (3.14), and hence, is also a global attractor of all positive solutions of 
equation (1.3). 
COROLLARY 3.2. The positive equilibrium of the equation 
a + bx, 
xn+1 = b + x,_~ ’ a, b E (0, m), x-1720 E [O,oo), 
is globally asymptotically stable. 
PROOF. The above equation is of form (1.3) with A = b. When a I: b2, the proof follows from [4, 
p. 1541. For the complementary case, i.e., when a > b2, the proof is an immediate consequence 
of Theorem 2.2. The proof is complete. 
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REMARK 3.1. Substituting the value of 5 into (3.16), one can see easily, when A < h, that (3.15) 
is equivalent to the inequality 
a < 2Ab(A2 + b2) 
- (A-b)2 
which is an improvement to the right-hand inequality of (3.13) due to the fact that 
2Ab(A2 + b2) 
(A - b)2 
- 2A(A + b) = 
2A2b(2Ab + b2 - A2) > o, 
(A - b)2 
Thus, Theorem 3.2 improves KociC and Ladas result [4, p. 1541. 
REFERENCES 
1. M. Arciero, G. Ladas and S.W. Schults, Some open problems about the solutions of the delay difference 
equation z,,+l = A/xi + l/x:_,, Proc. Georgian Acad. Sci. Math. 1, 257-262, (1993). 
2. R. De Vault and L. Galminas, Global stability of zn+l = A/x:: + l/zrAek, J. Math. Anal. Appl. 231, 459-466, 
(1999). 
3. R. DeVault, V. Kocid and G. Ladas, Global attractivity of a recursive sequence, Dynam. Syst. Appl. 1. 
13-21, (1992). 
4. V.L. KociC. and G. Ladas, Global Asymptotic Behavior of Nonlinear Difference Equations of Higher Order 
with Applications, Kluwer Academic, Dordrecht, (1993). 
5. Ch.G. Philos, I.K. Purnaras and Y.G. Sficas, Global attractivity in a nonlinear difference equation, Appl. 
Math. Comput. 62, 249-258, (1994). 
6. R.P. Agarwal, Diflerence Equations and Inequalities, Marcel Dekker, New York, (1992). 
7. W.G. Kelly and A.C. Peterson, Difference Equations an Introduction with Applications, Acad. Press, Boston, 
MA, (1991). 
8. V. Lakshmikantham and D. Trigiante, Theory of Difference Equations, Numerical Methods and Applications, 
Acxl. Press, New York, (1988). 
9. J.R. Graef and C. Qian, Global stability in a nonlinear difference equation, J. Differ. Equations Appl. 5, 
251-270, (1999). 
10. A.F. Ivanov, On global stability in a nonlinear discrete model, Nonlinear Anal. 23, 1383-1389, (1994). 
11. G. Karakostas, Ch.G. Philos and Y.G. Sficas, The dynamics of some discrete population models, Nonlinear 
Anal. 17, 1069-1084, (1991). 
12. D. Singer, Stable orbits and bifurcation of maps of the interval, SIAM J. Appl. Math. 35, 260-267, (1978). 
13. D. Gulick, Encounters with Chaos, McGraw-Hill, (1992). 
14. M. Wazewska-Czyzewska and A. Lasota, Mathematical problems of the dynamics of the red-blood cells 
systems, Ann. Polish Math. Sot. Series III, Appl. Math. 1'7, 23-40, (1988). 
15. I. GyGri and G. Ladss, Oscillation Theory of Delay Diflerential Equations with Applications, Clarendon 
Press, Oxford, (1991). 
16. L.W. Botsford, Further analysis of Clark’s delayed recruitment model, Bull. Math. Biol. 54, 275-293, (1992). 
17. C.W. Clark, A delayed-recruitment model of population dynamics, with an application to Baleen whale 
populations, J. Math. Biol. 3, 381-391, (1976). 
